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Abstract

Transformers have demonstrated a remarkable
ability to learn algorithmic reasoning, yet mecha-
nistic analyses have mostly focused on globally
invertible operations such as cyclic addition and
group composition. In this work, we investigate
how small transformers learn modular integer
multiplication over composite moduli, a funda-
mentally non-invertible operation due to the pres-
ence of zero-divisors. We propose the monoid
extension: a localized generalization of Group
Composition via Representation (GCR) that sug-
gests the learned computation does not rely on a
single global representation space. Instead, the
model partitions the input space into local hierar-
chical algebraic regions, where group-like struc-
ture survives and Fourier mechanisms can be ap-
plied. In transformers trained on square-free mod-
ular multiplication, we find that embeddings or-
ganize around these regions, attention exhibits
class-sensitive routing and low-rank write direc-
tions, and local character features explain a large
fraction of the model’s output logits. Our results
suggest that representation-theoretic mechanisms
previously identified for group operations can ex-
tend beyond groups to more general structures.

1. Introduction

Neural networks can learn to perform structured mathemati-
cal tasks, often generalizing far beyond the examples seen
during training. A central goal of mechanistic interpretabil-
ity is to reverse-engineer these learned algorithms to be able
to deeply understand the internal computations that produce
thecorrect answer.

Early work on modular addition and related arithmetic tasks
showed that small transformers often learn rigid mathe-
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matical structure rather than relying on rote memorization
(Power et al., 2022; Nanda et al., 2023; Gromov, 2023;
Zhong et al., 2023). These analytical works often involved
concepts from the mathematical fields of group theory,
Fourier analysis, and representation and character theory,
which bridge the gap between the theoretical abstract oper-
ations and the physical linear algebra as computed by the
networks.

In particular, prior work on learning group operations
has found that models represent the group elements us-
ing Fourier features and compute group operations through
representation-theoretic mechanisms. These results are gen-
eralized by Group Composition via Representation (GCR)
as introduced by Chughtai et al. (2023), which explains
how models can compute group operations by embedding
elements into representation space, compose the represen-
tations internally, and use the unembedding to score candi-
dates via character-like identity tests.

However, this line of work largely assumes that the underly-
ing algebraic structure is a group, which ensures global in-
vertibility for all elements. An extension to arbitrary associa-
tive multiplication tables breaks this assumption, where the
underlying structures now involve non-invertible elements.
This raises a natural question: what happens to GCR-style
mechanisms when global invertibility is no longer available?

This is exactly the question posed by Chughtai et al. (2023).
In this work, we address this question by exploring the non-
invertible algebraic setting through analyzing how models
learn modular multiplication over composite moduli. We
show that, in a transformer trained on modular multiplica-
tion over Z,, for select values of n, GCR-style computation
appears to localize to disjoint algebraic strata that par-
titions the input space, where local Fourier characters and
local inverses explain a substantial fraction of the model’s
learned representations and logits. Our key contributions
are:

* We leverage local representation theory to formulate
square-free modular multiplication as a non-group ex-
tension point for GCR-style mechanistic explanations.

* We provide circuit-level evidence for routing with re-
spect to algebraic structure, where attention and OV
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circuits move information into low-dimensional local
subspaces.

* We show that local Fourier characters and local in-
verses explain a large fraction of the model’s output
logits.

The remainder of this paper is structured as follows: Section
2 outlines previous adjacent literature. Section 3 explains
the problem set-up, and formalizes locality by defining rel-
evant algebraic concepts. Section 4 outlines our exact hy-
pothesis and how we generalized the GCR algorithm to the
non-invertible case. Section 5 dissects and interprets the
entire transformer model layer-by-layer, matching relevant
architecture to corresponding hypotheses.

2. Related Work

Mechanistic Interpretability of Algorithmic Tasks. Over
the past several years, advances in mechanistic interpretabil-
ity have successfully reverse-engineered how transformers
perform simple arithmetic tasks (Power et al., 2022; Nanda
et al., 2023; Gromov, 2023; Zhong et al., 2023). Early in-
vestigations of modular multiplication by Gromov (2023)
empirically showcased periodic structures via preactivation
visualizations. Works have leveraged empirical techniques
such as Principal Component Analysis (Jolliffe, 2002), Dis-
crete Fourier Transform, Canonical Correlation Analysis
(Raghu et al., 2017; Morcos et al., 2018), and a variety
of ways to assess Fraction of Variance Explained in differ-
ent metrics, to discover that models are able to learn rigid
algorithms rather than rote memorization of data.

Group-Theoretic Explanations of Networks. Extending
beyond simple arithmetic tasks, recent works have proposed
generalized algorithms for abstract operations learned by
networks (Chughtai et al., 2023; Stander et al., 2024), often-
times used as toy model explorations of broader hypotheses
in mechanistic interpretability. However, these mechanistic
analyses have predominantly focused on classical group
theory where the underlying operations admit clean, invert-
ible geometric structure. This leaves open how mechanistic
explanations should extend to more complex, non-invertible
algebraic structures, where operations can collapse infor-
mation. Our work addresses this gap by studying modular
multiplication on composite moduli over complete n = n
multiplication tables, thereby introducing non-invertible el-
ements.

Transformer Circuitry and Routing. A parallel line of
work studies networks by decomposing them into smaller
individual circuits for interpretability (Olah et al., 2020;
Cammarata et al., 2020; Elhage et al., 2021). These mecha-
nisms aim to distinguish where information is learned, and
track how that information moves throughout the network.
In many algorithmic settings, routing is relatively simple:

Table 1. List of moduli we’ve explored and their corresponding
properties. w(n) counts the number of unique prime factors of n.
“Square-free” refers to a positive integer that is not divisible by any
perfect square other than 1; such integers comprise approximately
60.8% of all positive integers (Remark D.10).

Moduli (n) Prime Decomp w(n) Square-free

113 113 1 True
143 11 13 2 True
154 2 7 11 3 True
165 3 5 11 3 True

the network mainly needs to move information between
positions while preserving a single global representation
space. However, by introducing non-invertibility, we may
require networks to form multiple algebraic strata which
lead to more subtle and nuanced routing mechanisms.

3. Setup and Background
3.1. Main Task

We train our model (see Section 3.2) on a simple task: inte-
ger modular multiplication. Given two integers a,b 2 Z,,,
we train a 1-layer transformer to predict the element ¢ = a b
(mod n).

We note that previous literature (Chughtai et al., 2023;
Stander et al., 2024) have fully explored toy models’ relative
competence in learning basic finite group operations. Given
this, we aim to explain the model’s complete mastery over
the complete n n multiplication table, thereby introducing
non-invertible information-collapsing elements within our
inputs.

To this end, we have explored the following list of moduli
shown in Table 1. For the remainder of this paper, we focus
our discussion on n = 165. The plots and analyses for all
aforementioned moduli can be found in the Appendix.

3.2. Model

We study a single-layer decoder-only transformer (Vaswani
et al., 2017) trained to perform modular multiplication over
Znp, to predictc =a b mod n.

Each example is as a 3 token sequence (a, b, =), where
the final token is a special token whose residual stream is
used for prediction. Tokens are first one-hot encoded and
embedded into dimension dpqe; = 128, which forms the
initial residual stream. We then apply multi-headed causal
self attention to the embedded tokens and add them to the
residual stream.

The residual stream is then updated via a feedforward MLP
network, which projects up to dhiqgen = 512, and applies
a ReLU nonlinearity, followed by a down projection back
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to dmodel- Finally, we have an unembedding layer Wy, that
produces logits over R™. The model is trained with cross-
entropy loss using the AdamW optimizer (Loshchilov &
Hutter, 2019) for 25,000 epochs. Unless otherwise specified,
all results are reported on seed 1. Refer to Appendix B for a
detailed mathematical overview of the architecture.

3.3. Mathematics Background

As we are analyzing the transformer’s mastery over the
entire . n multiplication table, we will naturally come
across non-invertible elements. As such, our analysis is done
over a broader algebraic structure: monoids. We briefly
introduce key definitions and results in this section, with
relevant motivations also provided in Appendix Section D.
Further details and proofs may be found in Howie (1995);
Steinberg (2016).

Definition 3.1. A monoid is a set equipped with an asso-
ciative binary operation, denoted multiplicatively, together
with an identity element (1). Invertible elements within the
set are called units. Conversely, in integer monoids under
multiplication, the non-units are zero-divisors. Multiplying
by zero-divisors can collapse distinct residues to the same
value.

Example. The set of integers modulo 7 form a finite com-
mutative monoid under multiplication, and we denoted it
as such with (Z,,, ), or sometimes simply Z,,. Crucially,
this is not to be confused with the multiplicative group of
integers modulo n, denoted (Z/nZ) .

Definition 3.2. In the commutative monoid Z,,, we define
J -classes by grouping elements with the same greatest
common divisor with n:

Ja=TFa 27, :9cd(a,n) =dg

These classes form a disjoint partition of Z,,.

Theorem 3.3. In the multiplication monoid (Z,,, ), every
regular J -class Jq forms a group with local identity e j,
called the idempotent, and

Ja=(Z)(/d)T) .

For square-free moduli such as n = 165, all J -classes are
regular. We give the full statement and proof in Appendix
Theorem D.12.

Remark 3.4. The J -class J; of any monoid Z,, is exactly
the group of units (Z/nZ) .

Example. The monoid (Z16s, ) can be partitioned into
Zags = J1 T J3 € Js T J1; TJis € J33 T Jss T Jies

where, crucially, every J -class is regular. See Appendix D
a break-down of the isomorphisms.

Definition 3.5. For a finite group G, a real representation
is a homomorphism p : G ¥ GL(R?). The character of p
is the trace function x,(g) = tr(p(g)).

In the orthogonal/Fourier representations used by GCR-style
mechanisms, the character acts as an identity detector: after
normalization, X ,(g) is maximized when p(g) is the identity
matrix. For faithful representations, this occurs precisely
when g is the identity element of G.

4. An Extension to the GCR Algorithm
4.1. Review: The Group Composition (GCR) Algorithm

To formalize the network’s behavior, we build upon the
Group Composition via Representation (GCR) algorithm
introduced by Chughtai et al. (2023). This section serves
as a brief review, with more details found in the original
work. For an arbitrary finite group GG with a representation
p, GCR posits that small networks learn group operations
via the following procedure:

(1) The embedding layer translates a, b 7% p(a), p(b).
(2) The MLP performs group operations through matrix
multiplication on the representations

p(a), p(0) T p(a)p(b) = p(ab)

(3) The unembedding layer computes output logit c by tak-
ing trace: Logit(c) Z tr(p(ab)p(c 1)) = x,(abc ).

Crucially, GCR formalizes the key frequencies first ob-
served by Nanda et al. (2023) in modular addition. For
cyclic groups, each Fourier frequency £ gives a 2D irre-
ducible representation, which appears architecturally as (su-
perpositioned) pairs of entries in the residual-stream, storing

cos(2rka/n) and sin(2rka/n)

for each token a. Empirically, models use only a sparse set
of such frequency planes, and compute the group operation
by composing these planes through the network.

4.2. The Failure of Global Invertibility

The GCR mechanism depends crucially on invertibility. In
the group setting, every candidate output ¢ 2 G has an
inverse ¢ !, allowing the unembedding to assign a logit
score for c by testing whether abc * = 1.

However, this decoding rule no longer applies to the full
multiplication monoid Z,,. When n is composite, many
elements are non-invertible. For instance, 5 2 Zjg5 has no
multiplicative inverse, so there is no element 5 * for the
unembedding to represent. Thus, while GCR can directly
explain computation inside the unit group J; = (Z/nZ) ,
it does not by itself explain how the model scores outputs
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lying in the zero-divisor classes, implying the model can-Jy4. Second, conditioned on this class, the unembedding
not simply run the same xed-dimensional inverse-lookupscores candidates ¢ 2;by testing whether abc= e, .

algorithm everywhere in £ Assuming the network rst executes this routing phase, the

Example. InZ15, multiplication by the zero-divisa8 col-  monoid extension is a local generalization of the procedure
lapses distinct units# 3 14 3 12 (mod 15) . Since  outlined in standard GCRy, is exactlyl 2 (Z=nZ) , and

12 has no multiplicative inverse, the GCR decoding ruleeach & corresponds tot wheneverc 2 J.

has no global inverse representatioh (12) to use, thus

breaking the standard GCR assumption. We claim then the unembedding layer's logit computation

can be universally rephrased as:
4.3. The Monoid Extension Logit(c) / tr(  4(ab) d(C] N= (abd) (1)

Despite the absence of global invertibility in nite monoids, . . -
) . . which is exactly maximized for the correct tokemhere
we claim that the core mechanisms of GCR can generalize, ;" . . )
abd = e for the corresponding local identigy2 Z, (Propo-

beyoqd the group setting. We formalize this through theSition D.14).
Monoid Extension.

Example. Recall tha#l is a unit and3 is a zero-divisor in
Z35. Their product lands in the zero-divisor clats3

12 2 J3. By Theorem 3.3, this class carries a local group

Monoid partitioning with J -classes. Because each ele-
ment has a unique gcd with this strati cation partitions
the monoid mtq disjoing ‘9'33_3‘?3- This gives a na_tural structure (sincdz = (Z=5Z) ) with generatoB and local
target for a routing mechanism: instead of represering identit S

as one undifferentiated multiplication table, the model can Mty &, '
rst identify the J -class of the product and then perform To compute the logit for the correct output candidate
class-speci ¢ computation within the corresponding sub12, the unembedding matri/, retrieves its local inverse
space. 12 =3, sincel2 3 6 (mod 15) . The network evaluates

As shown in Section 3.3 and Appendix BDyg5 partitions the character:

into eight disjoint) -classes. Standard GCR explains Com'Logit(lz) Itr( a4 3) 3(3)) = 4 3 3)= (6)
putation within the unit groud; = (Z=165Z) , but not : :
compositions involving zero-divisors. The Monoid Exten-gecause the product simpli es exactly to the local identity,
sion generalizes this picture by modeling computation both _(abd) is maximized. This gives the correct candidate
within regularJ -classes and across classes, where multic = 12 the maximal local identity score, demonstrating how
plication by a zero-divisor collapses the output into a nonthe Monoid Extension mathematically resolves a composi-
invertible class. tion that would otherwise trigger structural collapse under

While global invertibility fails, local invertibility survives,  the standard GCR assumption.

The key insight to resolving zero-divisor compositions liesTakeaway. The network handles zero-divisor multiplica-
in local invertibility, a structural property guaranteed in the tion by projecting the product into the appropriate subspace,

local groups associated with regulbrclasses. In our mod- \here it calculates and applies a local inverse which maxi-
ular integer setting, this gives the group structure describeghizes the logits for the correct output.
by Theorem 3.3. There are two immediate consequences:

* The idempotene 2 Jy4 maps to the identitl 2 g Interpreting Monoid Compositions
(Z=(n=d)Z) . We refer toe as the “local identity”

of Jg and denote it g, . We adopt a reverse-engineering methodology similar to
_ those outlined by Chughtai et al. (2023) and Nanda et al.
« Every element 2 Jq has a “local inverset! 2 Jq, (2023). Speci cally, we employ several classic mechanistic
where c& = e, (mod n). interpretability techniques to provide evidence for a local
Given this result, we hypothesize that for each candidatextension of GCR-style mechanisms to a non-group setting,
¢ 2 Jq4, the unembedding lay&¥ learns (in weights) the as described in Section 4.3. As previously mentioned, our
representationg(c!) of the local inverse! 2 J4. Here, 4 analytical work will be done on the transformer architecture
denotes the representation with respect to the grqup J  (see Section 3.2) trained on the nite commutative monoid

Routing before scoring. The local inverse test only makes (1653 )-

sense after the model has identi ed theclass of the prod- There are three primary hypotheses as presented in the
uct. We therefore hypothesize that the computation deconmonoid extension, and we seek to address each hypothesis
poses into two phases. First, the model routes the repredth an analysis of the corresponding layer of the network.
sented produabinto the subspace associated with its classFirst, the monoid extension predicts that, prior to mapping

4
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Table 2. Fraction of variance explained (FVE) by key frequen-  Thjs js consistent with prior observations that learned arith-

cies across non-trivialJ -classes. For each -class, a small . . .
subset of the total available frequencies (Key Freq) accounts fo'inetIC representations often concentrate on sparse Fourier

the vast majority of the spectral energy in the permuted embeddinfnodes (Na”da et al. (2023); Gromov (2023); Zhong et al.
space. Note thats3, Jss, and Jes are excluded; as these groups (2023); Section 4.1), and suggests that analogous struc-
become suf ciently small and trivial, all frequencies become simi-ture appears in the non-cyclic local groups arising from

larly crucial. J-classes.
J-cLAss KEY FREQ ToOTALFREQ FVE More importantly, this supports our hypothesis that repre-
Ju 8 79 97:0% sentations of all elements, including zero-divisors, are sub-
J3 7 39 96:8% ordinately structured by the J -class partitions applied
Js 5 19 95:0% by the network's embeddings.
Ju 4 7 99:1% -
Jis 4 9 94:3% Furthermore, we observe a clear compositional structure

within these representations. Because non-cykchclasses
are isomorphic to direct products of smaller, cydlic
classes (which we call the “atomic factors” of the monoid),

eir corresponding Fourier features directly re ect this fac-

inputs to their representations as described in standard GCR, ~._ . . .
. " . drization. Rather than learning entirely unique represen-
the embedding layer rst partitions the set of all inputs __.. . ; :
tations for composite classes lidg or Js, it appears the

Would acoUpy the same corresponding subspace of e torJF4OTK cIOGSES (0 bui thei represenations by systemi-
128-dimensional space of the model. cally reusing the key frequencies of their underlying atomic
components. We hereon refer to this phenomenon along our

The most pivotal step of the monoid extension is the routingnterpretation as the atomic factorization hypothesis.
mechanism, where inputs are projected to the appropria'tlgS visually supported by Figure 1, applying a 2D DFT to in-
subspace corresponding to theclass of th_e correct output. dividual neurons reveals that com,posite classes @&a@nd
\é\ﬁhixﬁg\fozﬂg g}rjz?ﬁéazugtstgﬁggnp\:ﬁﬁeCtéonr;ucr?r?;?rl]lg'eﬁ 5) explicitly construct their representations by reusing the

. . o active frequency coordinates of their shared atomic factors.
nuanced representations of the inputs are maintained, lat

to be used for logit computations. For more details, see Appendix C.1,

. . . . PCA on Embedding. We provide further evidence that J -
Finally, the monoid extension postulates that logits are com- : . : ;
classes are isolated into speci ¢ subspaces of the available

puted using the local inverses existing within the correct i = 128 dimensions by applying principal component

ogtputs corresponding subspacc_e. To yer|fy_th|s theoreqcf’ianalysis (PCA; Jolliffe 2002) to ea(W,gd . We found that
alignment, we construct synthetic logits using the explicit

0 o
group characters (abd) and demonstrate a direct geomet_fewer than 20% of the principal components are needed to

. ; . o explain over 95% of the variance in the embedding weights
ric correspondence with the model's empirical outputs.
across all J -classes.

5.1. Embeddings Crucially, to ensure the model isn't simply learning a gen-

) o ) ) erally low-dimensional space due to the small size of the
We verify theJ -class partitioning claim by rst directly j _|3sses themselves, we compared the number of com-

looking at the model embedding weights. We additionallyygnents needed to explain 95% of the variance for each
seek to permute the weights of elements by theiclasses, ; _c|ass against random subsets of the vocabulary of the

s_uch that the internal Fourier geometry representations (Segzme size (Figure 2). The results show that the network
tion 4.1) can be exposed. compresses elements of the sainelass together much

Fourier Features Analysis. We begin by partitioning the more tightly than expected by random chance.

. . . . J
embedding matri¥Ve into sub-matriceVeg*, each corre-  comprehensive 2D and 3D PCA projections of the embed-

sponding to & -class 0fZ165. Because each class forms gjngs which synthesizes the highly structured Fourier ge-
a nite abelian group (Theorem 3.3), we can cleanly per-

! 4 k ""'ometry with the hierarchical subspace of distidiciclasses,
mute the rows of each sub-matrix lexicographically by their ;.o provided in Appendix C.2.
minimal generating set to yielw,gd .

We then extract element representations by applying a di§-2. Multi-Head Attention

crete Fourier transform (DFT) to ea(_f/blEd. As seenin  The monoid extension hypothesizes that the network exe-
Table 2, a smaller fraction of the available frequencies agstes a routing phase to project elements into the appropriate

count for over 94% of the spectral energy variance acrosgy it subspace. We now present evidence that the attention
all non-trivial J -classes.
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Figure 1. Compositional factorization of Fourier features within Neuron 102. A 2D DFT of the permuted embeddings isolates the
neuron's active frequencies (red stars). The network constructs non-cyclic representations by reusing frequencies from shared “atomic”
cyclic factors. For instancds andJs utilize the exact same frequencies along their shar2d 1o axis. This provides visual evidence

that the learned representations re ect the monoid's direct product structure. Color intensity denotes relative amplitude.

in Section 5.1 to all pairs of inputs; b, segmenting the
attention scores by thk-class partitions, as seen in Figure
3.

Immediately, we notice that Head 0 exhibits a block struc-
ture consistent with coarse J-class routing (red dashed lines),
while Heads 1-3 show higher-frequency patterns consistent
with ner within-class information.

This separation of roles is important because the QK circuit
Figure 2. Principal components required to explain 95% of em-  controls only the amount of information transferred from

bedding variance.J -classes (solid) require substantially fewer each operand, not the content of the information itself. Thus
dimensions than equivalently sized random subsets of the vocab ’ ’

lary (dashed). This dimensional collapse provides evidence thaﬁqe b_IOCk structure in Heaq 0 suggests that the model rst
the network explicitly compresses elements of the same class int§lenti s the broad algebraic structure relevant to the output,
tight, localized subspaces. while the periodic structure in the remaining heads suggests

that the Fourier-phase representation information is still

- N . available to distinguish elements within the same class.
heads participate in this routing phase.

) . . Consistent with prior literature, this precise periodicity sug-
We reverse-engineer our one-layer multi-head attention Ugzays that the Fourier features extracted by the embedding
ing interpretability methods as outlined in Elhage et alj;y e are not localized artifacts of the lookup table. Rather,
(2021). F_or agien a_ttent|or_1 hedwl the output written they appear to be preserved into the attention computation,
to the residual stream is a weight sum where they in uence the movement of operand information

X . _ .
head) = A(:,??n (MW éh\) ) into the nal-token residual stream.

m2fa;bg Idempotent Projections in OV Circuitry. While Figure
3 suggests that the QK circuit, and speci cally Head 0,

HereWoy represents the OV circuit, dictating how the ;- g identifying information of the output's broader

operand representations are projected onto the output suﬁ— . . o )
space. Further, the attention score, de ned algebraic structure, Equatiof?) implies Woy should

have projection-like behavior in order to correctly map the

I
o =)W éhK) (m) T ' operands into the target subspace of this structure.
Asim = softmax dk To verify this geometric behavior, we rst apply PCA on

o S Wge. Through this, we found that of the 32 singular val-
represents the output of the QK circulVqi , dictatinghow  ye5 available, only 4 were needed to explain 95% of the
much information is moved from each operand. We nowariance in weights of the circuit. Additionally, the top 8
procedurally explore each circuit. singular values altogether explains more than 99.9% of the
Factorized Routing in QK Circuitry. To investigate the  total variance. This result clearly demonstrates the circuit's
QK circuit, we look at the softmax attention score for headProjection down to subspaces of similar dimensions as the
0 from the token "='to &', as a function of inputs; b. This ~ J -class embeddings.
is similar to techniques applied in Nanda etal. (2023).  From here, in order to ensure the resulting subspaces are
However, rather than looking at these matrices naively, waligning exactly with those of each-class, we compute the
apply the same partitioning and permutation as describeBrincipal-angle alignments (Bjck & Golub, 1973) between

6
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Figure 3. Attention scoresA™ computed by the QK circuit for the destination token “='. Head 0 (left) exhibits a block-diagonal

structure strictly bounded hy -classes (red dashed lines), functioning as a macroscopic router. In contrast, Heads 1-3 display high-

frequency checkerboard patterns consistent with ner within-class phase information.

5.3. MLP Neurons

While attention provides routing and low-rank subspace pro-
jection, the model still requires a nonlinear component to
compose the routed operand representations into a represen-
tation of the product. Both GCR and the Monoid Extension
predict that this compositional step occurs in the MLP.

Clustering persists in neuron activations. To probe this,
we visualize hidden-layer MLP activations over input pairs
(a; b). We nd that activations remain organized By-class
and exhibit frequency structure matching the key modes
_ o ) o identi ed in the embeddings and attention. This suggests
Figure 4. Principal angle alignment between the OV circuitand {5+ the MLP contributes to the nonlinear composition step

J -class embeddings. Alignment remains near perfect before a

sharp collapse. Crucially, the rank of this drop-off approximatesWhile preserving the same strati ed Fourier structure used

the number of key Fourier frequencies (e.dx, drops after 8  throughout the network. These plots, along with further
dimensionsJs after 7). While trivially small classes (e.dlss) empirical anaylsis, can be found in C.3. A complete neuron-
lack the group size to resolve stable PCA subspaces, the overallye| reconstruction of the MLP composition step is left to

trend provides evidence thwéo\) acts as a precise, low-rank fyture work.

projection lter isolating the target atomic frequencies.
5.4. Unembedding and Logit Computation

the QV circuit and the correspondidg-class embeddings. To validate the monoid extension hypothesis, we directly
As shown in Figure 4, the alignment remains relativelycompare the model's empirical output logits against theoret-
h|gh (COSine 0:8 ) fOI’ a diStinCt number Of pl’incipa| dil’eC- ical predictions derived from Equation (1)

tions before experiencing a sharp drop-off. Crucially, the o )

rank at which this collapse occurs for eathclass closely ~Character Fitting. We de ne an input prompt as a tuple
corresponds to the number of key frequencies (irreduciblé® P) wheréa 2 J4, andb 2 Jq,. A prompt evaluates to a
representations) established in Table 2. This provides strontgfget classq if and only iflem(dy; d2) = d (i.e.,ab 2 Jq).

evidence thaWéO\), acts as a targeted low-rank projection  Because our vocabulary is niten(= 165), we exhaus-

matrix, either preserving or restricting operand representatively evaluate all valid prompts for each target class. For
tions to ensure they reside strictly within the output subspacevery valid prompt, we construct a synthetic logit vector to
dictated by their key frequencies. compare the actual model output against. Speci cally, this

Furthermore, while we previously established that distinc yrthet'C Ig%'t :/etctEr has d'me?sémj’lwgere. ﬂ:ﬁ elntryl
J -class embeddings occupy localized subspaces within the! the Cf]m ' ?e ° %%'S Cgmp‘.’ TI E?r(]p ict th'a te oca
128-dimensional model, Figure 4 reveals a more detailed'OUP character, (abd). Crucially, these characters are

context. Since the embedding subspaces align closely Witﬁvaluated strictly with respect to the irreducible representa-

L . tions corresponding to the key frequendieisolated in our
theWc()O\} projection space regardless of class size, the suté- P 9 yred

i mbedding analysis (Section 5.1).
spaces of smalled -classes must geometrically overlap
with those of larged -classes. This structural overlap is We perform a forward pass for all valid prompts to extract
highly consistent with the “atomic factorization” hypothesis the model's empirical logits (the direct output of the unem-
introduced in Section 5.1. bedding layeiVy ), then plot these empirical logits against
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Table 3. Fraction of centered logit variance explained by local gebraically meaningful structure. In particular, embed-

character features. For each targét -class, we t a linear model . . . .
using only the theoretically speci ed character featuregabd ) dings cluster into subspaces aligned withJhelass

at the key frequencies identi ed in the embedding spectrum. These ~ decomposition of the multiplication monoid.
features explain a large fraction of the model's empirical logit

variance, supporting a local character-based readout. * The multi-head attention layer appears to route

operand information into the residual stream in a class-
J-CLASS INPUTPAIRS FVE (R?) sensitive way, with different heads separating coarse
J -class information from ner within-class phase in-

- 40,
jzz jﬁ j E gggo;z formation.
I Jo Js 95322/0 e The MLP performs the nonlinear composition step,
{]151 ‘3]11 JJ 151 gg;gojz combining the routed operand representations into a
Js Ji J s 76:5% representation of the product.
Ja Ji J 1 71:2%

« The unembedding layer converts this product represen-
tation into logits by implementing a local character-
style readout, using local inverséswithin each reg-

our synthetic theoretical logits across all valid prompts. We ~ ularJ -class in place of the global inverses used in

then t a linear regression and compute the coef cient of group-based GCR.

determination R?). This metric quanti es the extent to gejow we discuss some areas of future work.

which the network's nal output variance is explained by

the theoretical character trace computation. Investigation on non-square-free moduli. Our monoid
extension framework analyzes square-free moduli (which

As seen in Table 3, the theoretical logits computed explicitlyaye a natural density &= 2  0:608 ; Remark D.10),

from Equation(1) successfully account for a large fraction \yhereJ -classes are guaranteed to be regular and therefore

of this output variance. Although mechanistic factors suchgcajly invertible. However, non-square-free moduli intro-

as nonlinear scaling, harmonic distortion, and sparse memeyces non-regula -classes that contain nilpotent elements

rization may disproportionately affect largérclasses such (elements wherg" = 0), which breaks the reduction to lo-

asJ; andJs, the fraction of variance explained on a linear ¢ group characters (Howie, 1995; Steinberg, 2016). Future

tusing only theoretically speci ed character features for \york must investigate how networks handle these algebraic

all pairs of input empirically demonstrates that the Fourier‘one_wayn collapses, leading to a complete analysis of all
trace is the dominant mechanism in logit computations, eXnteger moduli.

actly aligning with the hypothesis posed by the monoid ) ]
extension. Progress measures of “atomic” structure build-up. Con-

sistent with similar-sized networks trained on modular arith-

. metic, our model experiences grokking (Power et al., 2022;
6. Conclusion / Future Work Nanda et al., 2023)p. Buildinggon ougrJ ‘gatomic factoring”
In this work, we take a step toward understanding howhypothesis from Section 5.1, we suspect the network's strat-
neural networks implement algebraic computation beyond cation of inputs is learned directly during this grokking
groups. We use mechanistic interpretability to show thaPhase. A comprehensive understanding of these dynamics
previous representation-theoretic algorithms for interpreting®quires progress measures that track whether larger
how small networks perform group operations (Chughtalasses are sequentially composed from previously learned
et al., 2023; Stander et al., 2024) can be extended beyoridnaller counterparts.

globally invertible settings. We refer to this localized gen- arger models and realistic tasks. In this work, we studied
eralization as the Monoid Extension. Speci cally, we studythe pehavior of small models on non-invertible compositions.
modular integer multiplication, where zero divisors preventgwever, we did not explore whether our results apply to
a single global group-based explanation. In the square-fregyrger, more practical models. Core real-world LLM oper-
case, we nd that the learned computation organizes arounggions, such as token sequence concatenation, are mathe-
regular] -classes, within which local inverses and local matically analogous to non-invertible monoid compositions.
Fourier characters recover a group-like explanation of thg=yture work should investigate whether production-scale
model's logits. models employ similar structural strati cation to hierarchi-
Moreover, rather than relying on shallow memorization orcally route and process complex textual inputs.
surface-level heuristics, the network sub-divides the task

into phases executed by different parts: Acknowledgements

* The embedding layer organizes inputs according to alOmitted for anonymous review.
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Impact Statement Morcos, A. S., Raghu, M., and Bengio, S. Insights on

Thi Kwh i q he eld representational similarity in neural networks with canon-
Is paper presents work whose goalis to advance the eld ;.5 orrelation. In Advances in Neural Information

of Machine Learning. More speci cally, it studies mech- Processing Systems, volume 31, 2018. URIDs:
anistic interpretability methods for understanding learned //arxiv.org/abs/1806.(35759. ’ ' '

algorithmic structure in neural networks. We do not an-
ticipate direct societal risks from the speci c toy models Nanda, N., Chan, L., Lieberum, T., Smith, J., and Stein-
studied here, beyond the general consequences of progresshardt, J. Progress measures for grokking via mechanistic

in interpretability and machine learning research.
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A. Supplemental Material

Interactive versions of gures, as well as the code to reproduce the main body results, are available at
https://anonymous.4open.science/r/interpreting-monoids-2F02

B. Model

Our model is trained on 30% of aif entries in the multiplication table. We use full batch gradient descent. We utilize
the AdamW optimizer, with weight decdy learning rate10® , and betas; = 0:9; , = 0:98. We train each model for
25,000 epochs. We also withhold another 30% ofrthéor validation. We use this to compute our validation loss every 100
epochs. We nally compute our model's nal accuracy on afl imputs.

Figure 5. Training plots for the single-layer decoder-only transformer on n=165. Left: training loss across epochs, which decreases
sharply as the model ts the training data. Right: training and validation accuracy across epochs, with the grokking gap before validation
accuracy rises to match training accuracy.

B.1. Transformer

We use a decoder-only transformer model identical to the set up for the experiments in (Nanda et al., 2023)

encoded as + 1 dimensional vectors. Each one-hot encoded vector is embeddedwih= 128, which begins the
residual stream.

We then denote the following parametev¥; is the embedding matrixVj, ; Wy ; Wy, ; W/, correspond to the query, key,
value, and output matrix, respectively, of headlVe then havéVi,; bn; Wout; bout @s the input and output matrices for the

Figure 6. Schematic of the proposed monoid-extension circuit. Tokens are rst embedded into the residual stream, where representations
are organized by algebraic partitions. Attention heads route operand information into the appropriate local subspace, the MLP performs
the nonlinear composition step, and the unembedding converts the resulting product representation into output logits.

10
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MLP. Finally, we have W for the unembedding layer.

We can lett,; ty; t= represent the one-hot encoded token representatiarbofnd=. We also note that loss is computed
only on the logits on the nal token, correspondingo After the attention module, all outputs refer to just the nal token,
because information only moves between tokens during the self-attention step.

After embedding, our initial residual stream on token i, which we denotéoésbecomes:

Xi(o) =Wet;

We then apply single-layer causal multi-head self-attention. First, we compute the attentioniscore A

Al = softmax(x© " W Wx-)

We then add the attention outputs back into the residual stream, which we denéfe as x

1 (0) X RYYI 0 i
xW =x+ wiw) x@ Al
j
We then pass the residual stream after attention through the MLP block, with hidden dingfgigr 512 and a RelLU
nonlinearlity. We denote the output a&x

x® =x @ + W o, ReLUWinx®)

Finally, we pass our outputs through the unembedding matrix, which produces logiR"avéfe then take the argmax of
the resulting vector to compute the product c.

Logits = Wy x®@
B.2. MLP Only

We also train another architecture without the attention module. We use the same training parametsqqvitii28,
and diiggen = 512. We can further describe the mathematical structure of this alternate structure.

We take one-hot encoded vectarbwith dimensiond,qcap = N, and pass them through an embedding |a¥er, to produce
vectors of dimensiodneqge. We then concatenate the embeddinga;difto produce @256 dimensional model. We can let
ta; tp represent the one-hot encoded tokens. We de ne the output of our embeddifiy as x

x© = [WEta; We to]
We then pass our embedding through the MLP block. We represent the outp(ts: as x
x® =W o ReLUW;,x©)

Unlike the transformer architecture, we have no residual stream, and simply pass this output into the unembedding layer to
compute our logits:

Logits = Wy x®

B.3. Additional Comments

For our transformer architecture, we note empirically that the attention paid by thieen to itself is trivial and can be
ignored.

We also nd that the MLP only architecture generalized faster than the transformer architecture, and performed equally as
well. We hypothesize that the MLP is able to route information and perform the computation step without the attention step
because of the concatenated embeddings.

11
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C. Additional Interpretability Analyses

This section provides supplementary analyses and methodological details supporting the interpretability evidence presented
in the main text.

C.1. Hierarchical Structure of J -class Embeddings

In this subsection, we provide additional evidence for the atomic factorization hypothesis discussed in Section 5.1. The
main text shows that the embedding matrix contains sparse Fourier structure after being partitibnelhby. Here, we
describe how this structure becomes visible only after applying the algebraic ordering induced by the local group structure
of each class.

We rstinspect the raw embedding matih¥g directly, together with a naive one-dimensional FFT taken over the original
token order. As shown in Figure 7, this representation is dif cult to interpret: while the naive FFT exposes some periodic
bands, these bands are not aligned with the algebraic structure of the multiplication monoid. This suggests that the relevant
organization is not visible in the default token ordering.

Figure 7. Raw embedding matrix and naive FFT. Left: the learned token embedding maWix in the original token order. Right:
a naive 1D FFT over token index. Although some periodic structure is visible, the raw token order does not respect the algebraic
decomposition of Zss, making the resulting spectrum dif cult to interpret.

Motivated by the] -class decomposition, we then partitidfx into submatriceéwéd , one for eacld -class. Within each
class, we further permute rows according to the algebraic coordinates induced by the isomorphism

Jg = (Z=(165=d)2) :

This produces an algebraically ordered embedding mﬁléﬂ( for each class. Figure 8 compares the embedding matrix
after grouping rows only by -class against the matrix after additionally ordering rows within each class. The latter reveals
clearer vertical and periodic structure, suggesting that the model's embedding geometry is organized not merely by class
membership, but also by within-class group coordinates.

12
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Figure 8. Embedding matrix after J -class grouping and algebraic ordering. Left: rows grouped kly-class. Right: rows grouped
by J -class and then ordered using the local group coordinates inside each class. The algebraic ordering makes periodic structure more
visible, indicating that the learned embeddings track within-class group coordinates.

Finally, we apply a discrete Fourier transform along the algebraic axes of each orderéﬂéfaséor cyclic classes this is
an ordinary 1D DFT; for product classes such as

J1=C; C 4 C y; Jz3=Cs C 1o,

we apply a multidimensional DFT over the corresponding product coordinates and atten the resulting frequency grid for
visualization. Figure 9 shows the resulting Fourier spectra and total energy at each frequency.

Figure 9. Fourier spectra ofJ -class embedding blocks. Top: log-magnitude Fourier spectra of each algebraically ordered embedding
block. Bottom: total Fourier energy across embedding dimensions for each frequency. The spectra concentrate on a sparse set of
frequencies, matching the key-frequency structure reported in Table 2.

This classwise Fourier analysis reveals two important patterns. First, the embedding geometry is highly sparse in the local
Fourier basis: only a small number of frequencies account for most of the spectral energy in each nontiagd. This

supports the claim that the model does not treat each element as an unrelated token, but instead represents elements using
structured local Fourier coordinates.

Second, the active frequencies appear to be reused across related classes. For example, larger product classes inherit axes
corresponding to smaller cyclic factors. This is the sense in which we describe the representation as atomic: non-cyclic
classes do not appear to require entirely new Fourier structure from scratch, but instead reuse frequency components
associated with their cyclic factors. This provides additional evidence for the hypothesis that the model builds composite
J-class representations from reusable local group coordinates.
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C.2. Visualizing the Embeddings

Figure 10. PCA visualization of token embeddings. We project the learned token embeddMgsonto their rst three principal
components and color tokens by-class. The diagonal and top-down views reveal structured, class-dependent geometry, with repeated
curved patterns consistent with the local Fourier structure observed in the classwise spectral analysis.

As an additional qualitative check, we visualize the learned token embeddings by projecting the embeddingymatri®
its rst three principal components. Figure 10 shows two views of the resulting projection, with tokens colored by their
J-class.

The projection reveals that the embeddings are not arranged randomly in residual space. Instead, elements from related
J -classes occupy structured regions, and the global geometry exhibits repeated curved patterns consistent with the Fourier
structure identi ed in Section 5.1. In particular, the top-down view makes visible a roughly periodic arrangement, suggesting
that the learned representation retains circular or toroidal geometry inherited from the local cyclic factors.

We emphasize that these PCA plots are intended as qualitative visualization rather than primary evidence. The quantitative
claims in the main text are supported by the classwise Fourier energy analysis and the compdristessfPCA dimension
against random subsets.

C.3. MLP Neuron Heatmaps

Because the MLP is the network's sole nonlinear component, it must be responsible for composing the routed operand
representations into the nal product representation. To verify whether this composition utilizes thé salass-local
Fourier structure identi ed in the attention and embedding layers, we analyze the hidden layer activations.

For each hidden neurdnwe compute its post-ReLU activation on the nal token residual streéth(a; b), across all
input pairs(a; b) 2 Z2,;. This yields an activation matritd; 2 R15165  To expose latent algebraic structure, we permute
the rows and columns by J -class and then by local group coordinates, mirroring our embedding analysis.

As shown in Figure 10, the resulting heatmaps reveal two distinct structural phenomena:

« Macroscopic Strati cation: Activations exhibit strict block-like boundaries aligned exactly withclass partitions
(red dashed lines), indicating the neurons are highly sensitive to the algebraic strata of the operands.

< Microscopic Fourier Geometry: Within these blocks, activations display ne-grained periodic bands and checkerboard
textures. This mirrors the local Fourier frequencies previously observed in the embeddings and attention heads.

These results provide strong qualitative evidence that the MLP does not simply memorize raw input-output pairs. Instead,
it actively preserves and operates upon the strati ed, local Fourier coordinate system to compute product representations.
While this con rms that algebraic structure persists through the nonlinear composition step, a complete causal mapping of
these bilinear interactions via advanced dictionary learning remains an important direction for future work.
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Figure 11. MLP hidden neuron activations exhibit macroscopic and microscopic algebraic structure. Inpufa; b) are ordered
algebraically byl -class and local group coordinates. The strict block boundaries (red dashed lines) con rm the neurons' sensitivity to
broadJ -class strata, while the internal periodic textures mirror the local Fourier frequencies observed in earlier layers. This provides
qualitative evidence that the MLP actively preserves and operates upon the network's strati ed coordinate system during nonlinear
composition, rather than relying on rote memorization.

D. Monoids Primer
D.1. Monoids and J -classes

De nition D.1. A nite monoid M is a nite set equipped with an associative binary operation and an identity element.

« Associativity meansthat(a b) c=a (b c)foralla;b;c2 M.
¢ An identity element is an element1 2 M suchthata 1=1 a=aforalla2 M.
De nition D.2. A monoid is commutative if its binary operation is commutative; that is,
a b=b a

foralla;b 2 M.

De nition D.3. A two-sided ideall of a monoidM is a subset oM such thatMIM | . In other words, for every
m;m°2 M and for every i 2 | we havem i m°21.

De nition D.4. Two elements m and rlin M are J -related if they generate the same two-sided ideal; in other words:
mim® ( MmM=Mm M

De nition D.5. A J-class is the equivalence class corresponding to the J -relation.
De nition D.6. An element e 2 M is idempotent if &= e.

De nition D.7. A J -class is regular if it contains at least one idempotent element, i.e. ®Pg&, withe? e (mod n) .
The J -classes of a monoid form a perfect partition: every element belongs to exactly one class.

For aregular J -class J with idempotent e 2 J, the maximal subgroup at e is
Ge=fm2eMej9m °2eMe; mm°=m% = eg;

i.e. the group of units of the monoid eMe.
Proposition D.8. If n is square-free, then every J -class of{Z) is regular.

Proof. Letd j n be any divisor, and lelqy =fa 2 Z , j gcd(a; n) = dg be the corresponding -class. We must exhibit an
idempotent e 2 §, i.e. an element satisfyinge e (mod n) and gcd(e; n) = d.

Writen =pip2  pk With pg;:::; pk distinct primes (possible singeis square-free), and writk = Qizs pi for some

Zn = Zp, Z
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De ne e to be the unique element of,Avhose image under this isomorphism is
0 ifi2s;
1 ifi2s:
Since 8 =0and 12 = 1 in each Z, , we have ¢ = e; for alli, so € e (mod n), con rming e is idempotent.

It remains to verifygcd(e; n) = d. For eaclbprim@i , thep;-component okis0if i2 S andlif i 2 S. Thereforep; j e if
and only ifi 2 S, which gives gcd(e; n) = ~;,5 pi =d. Hence e 2 J, so J is regular.

Since d was an arbitrary divisor of n, every J-class is regular. O

Example D.9. Len=165=3 5 11 . Consider the nite seM = Z 145 of integers moduld 65, equipped with the
multiplication operatiora b :=a b (mod 165) . Itis clear that this give§Z 1¢5; ) the structure of a nite commutative
monoid with identity 1.

The J -classes of (Zes; ). In this monoid, the two-sided ideal generated by an element a is
ZissaZies =a Z 165 = fa k (mod 165)j k27 1650

Becaus& 165 is commutative, this ideal is exactly the principal ideal = fa k mod 165 j k 2 Z 1659. One can verify
directly that
hai=hbi () gcd(a; 165) = gcd(b; 165):

Therefore, two elements ade-related if and only if they share the same GCD wib. Since the divisors of65are
f1;3;5;11; 15; 33; 55; 165¢g, the monoid decomposes into exactly eight J -classes:

Zigs = J1tJ 3tJ 5t 111J 15t 33tJ 5510 165;

wheredy =fa 2 Z 165 j gcd(a; 165) = dg. The sizes, idempotents, and local group structures of each class are recorded in
Table 4.

Table 4. J -classes of (Zs; ), with sizes, idempotents, local group isomorphism types, and minimal generating sets.

Ja JJaj esyq GeJd = Min. generators
J; 80 1 (Z=165Z) =2, Z 4+ Z 10 h56;67;46i

Js 40 111 (Z=552) =274 Z 1o h12; 156i
Js 20 100  (z=332) = Z» Z 1 h155; 145i
Ju 8 121 (Z=152) =2, Z 4 h11;22i
Jis 10 45 (Z=112) = Z1o h9Oi
Ju 4 66 (Z=52) = Z4 h132i
Jss 2 55 (Z=32) = 2, h110i
Jiss 1 0 trivial _

EveryJ -class contains an idempotent (listed in the table), so every class is regular. This is a special property of square-free
n: whenn has no repeated prime factor, every dividorn yields a regular clas3y. The idempoteng;, 2 J4 is the

unique element satisfyinﬁd e j, (mod 165) with gcd(ey,; 165) = d. Classes whose local group is cyclic admit a
single generator; non-cyclic classes (those involving a direct product) do not.

Remark D.10 (Density of square-free integers). The assumptiomtigasquare-free is mild: the natural density of
square-free positive integers is

. jfn Njnissquare-freegj _ 1 _ 6 o,
NI!llm N " - 0:608;

P
where (s) = ﬁ:l n s is the Riemann zeta function (Apostol, 1976). In other words, approximé€e8gs6of all positive

integers are square-free, so our framework applies to the majority of moduli.
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Proof sketch. An integen fails to be square-free if and only @ j n for some primep. By inclusion-exclusion over primes,
the density of square-free integers equals

1 — = Q = =
p? o p2)?t ()

Y 1 1 1 6
2
p prime

using the Euler product formula (s) :Qp(l p S )?! andthe classical result (2) =2=6 60:8% (Apostol, 1976).

D.2. The Clifford—Munn—Ponizovski Theorem and Local Structure
The key structural result underlying the Monoid Extension is a classical theorem of representation theory, which we now
state for the special case of commutative integer monoids.

Theorem D.11 (Clifford—Munn—Ponizovsk{Steinberg, 2016)). Lé¥l be a nite monoid and a eld. There is a bijection
between isomorphism classes of simpMe-modules and isomorphism classes of simfdle-modules, taken one per
regular J -class, where G = eMe is the maximal subgroup at the idempotent e 2 J.

In particular, every irreducible representation Bf is indexed by a paifJ; V) whereJ is a regularJ -class andV is an
irreducible representation of the corresponding maximal subgrogp G

This theorem has a profound consequence for our setting: the representation theory of the full(@enicduces to
the representation theory of its maximal subgroups, one per refjutdass. In other words, understanding the irreducible
representations a, under multiplication is equivalent to understanding the irreducible representations of eaclgyoup
For square-free n, all J -classes are regular, so this reduction is total.

Theorem D.12. In the multiplication monoi(Z ,; ), every regular -classJq forms a group under the inherited multipli-
cation with local identity g, , and

Ja = (Z=(n=d)2)

When n is square-free, all J -classes are regular and this isomorphism holds for every divisor d j n.

Proof. Letd jn and write n = dm where m = n=d. The map
:J gl (Z=mz) ; a7!'amod m:

is well-de ned becausa 2 J 4 impliesgcd(a;n) =d, soa=d a®with gcd(@®m)=1,i.e.a®2 (Z=mZ) . One veries
that is a bijection preserving the group operation (multiplication modutm J4 corresponds to multiplication moduio
on (Z=mZzZ) ), and that the local idempotenj,emaps to the identity 1 2 (Z=mZ) .

For square-frea, the prime factorization = p;  pk ensures that every divisdrj n is also square-free, gcd(d; n=d) j d
divides a product of distinct primes, guaranteeing that the relevantXjasmtains an idempotent (which can be constructed
explicitly by the Chinese Remainder Theorem). O

Remark D.13. By the Chinese Remainder Theorem, for square-free;n = py,

Y Y
(Z=mz) = (Z=p2) =  Zp1:

pi-d pi -d

This direct product structure is what drives the “atomic factorization” of Fourier features observed empirically in Section 5.1:
the network learns the cyclic factors (Z=) independently and recombines them to represent composite J -classes.

Proposition D.14. Letly = (Z=(n=d)Z) be aregulard -class with local idempoters;,, and let be a direct sum of the
irreducible representations ofgJat the key frequencies. Then for any x g,J

) (€s4);

with equality if and only if x = g, .
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Proof. By Theorem D.12]4 is a nite abelian group with identity;, . Its irreducible representations oVRrare 2D
cos(2 kx=jJ 4)) sin(2 kx=jJ  ¢))
sin(2 kx=jJ 4j)  cos(2 kx=jJ g4j)
character satis es k (x) k(es,) = 2, with equality if and only if x = e, within J4 (Chughtai et al., 2023). Summing
over key frequencies preserves this property, s(x) (es,) with equality iff x = e 5. O

rotation matrices y (X) = , with character y(x) = 2 cos(2 kx=jJ qj). Each such

Connection to GCR and the Monoid Extension. The Clifford—Munn—Ponizovskheorem is precisely the algebraic

justi cation for the Monoid Extension proposed in Section 4.3. The GCR algorithm of Chughtai et al. (2023) operates
exclusively within the group of unit3; = (Z=nz) , which is a single regulal -class. The CMP theorem tells us that the

entire representation theory of the monoid decomposes as a direct sum of group representations, one peraiegslar

Our Monoid Extension operationalizes this: the network routes each computation into the appdogriass and then

applies GCR-style character-based scoring within that class using the local group structure guaranteed by Theorem D.12.

In the group-only case studied by Chughtai et al. (2023), there is a sIinglass {; itself), and CMP reduces to the
classical representation theory of nite abelian groups. The Monoid Extension is therefore a strict generalization: it applies
CMP class by class across all regulasclasses of the monoid, replacing the single global invetseof GCR with a local

inverse & de ned within each class.

E. Broader Mechanistic Interpretability

To fully understand how neural networks reason, mechanistic interpretability must expand its focus beyond globally invertible
operations. While our analysis isolates non-invertible structures within a mathematical toy model, this framework offers
critical insights into the fundamentally non-invertible nature of real-world language modeling.

Most mechanistic analyses of algorithmic tasks have focused on invertible or group-like structure, such as modular addition
and nite group composition. This makes the representation-theoretic mechanism especially clean: candidate outputs can
be scored by comparing against a global inverse. In contrast, many computations in language models are not naturally
invertible. Sequence processing, retrieval, and compression into the residual stream often require the model to preserve
some information while discarding or routing other information.

A related body of LLM interpretability work studies sequence-level circuits such as induction heads, which detect and
continue repeated subsequences. These mechanisms show that transformers learn structured algorithms over token sequences,
but they are typically not framed as algebraic monoid computations. Our modular multiplication setting provides a nite
testbed for one aspect of this broader problem: how a transformer organizes computation when global inverse-based
decoding is unavailable. The resultidgclass strati cation should not be viewed as a direct model of natural language,

but as a controlled example of how representation-theoretic mechanisms can localize to algebraic substructures under
non-invertible composition.
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F. Other Moduli and Stability Analysis

We evaluate the stability of the learned Fourier structure and embedding geometry across random initializations and model
sizes N 2 f113;143; 154; 165¢g. For each setting, we select representative seeds to visualize variation in spectral structure
and PCA geometry.

This section evaluates whether the structural phenomena identi ed in Section 4.3 persist beyond a single trained model, and
whether they are stable under changes in initialization.

Speci cally, we examine the consistency of four aspects of representation:

(i) Embedding geometry, through Fourier analysis and PCA-based fraction-of-variance-explained (FVE) measurements, to
assess whether J -class subspaces and their spectral decompositions are preserved across seeds and moduli.

(ii) Torus and CRT structure, through unrolled embeddings aligned wilh-class orderings, to test whether the implicit
cyclic and product structure of,Zis consistently recovered.

(iii) Attention routing, by analyzing head-wise attention patterns and their alignment Withlass partitions, to determine
whether the routing mechanism exhibits stable block-structure and frequency-sensitive behavior.

(iv) MLP feature formation, by examining neuron-wise Fourier spectra and activation clustering, to verify whether
intermediate nonlinear representations consistently encode the same multiplicative substructures across seeds.

Together, these analyses provide a multi-scale stability test of the monoid extension hypothesis, allowing us to distinguish
incidental structure from reproducible algorithmic behavior.

F.1. Embedding Dimensionality and Fourier Structure

We rst look at the PCA dimensionality required to explain 95% of the variance across various valuesvefaged across
runs on multiple seeds. We see across variations of our experiment, the relatively low dimensionality of our embedding
matrix remains consistent.

Table 5. PCA dimensionality required to explain 95% of variance across 10 random seeds. Values are reported atdman seeds,
with min—-max range included for stability characterization. Final FVE is averaged across seeds.

n | MeanPCs | Std | Min—Max PCs | Mean FVE (%)
165 10.0 0.6 9-11 96.16
143 10.9 1.6 8-14 95.89
113 9.6 1.7 7-13 95.90
154 10.1 0.9 9-12 95.99
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N =165

(a) Seed 2 (b) Seed 3 (c) Seed 7 (d) Seed 10
N =154

(e) Seed 2 (f) Seed 3 (g) Seed 7 (h) Seed 10
N =143

(i) Seed 2 (j) Seed 3 (k) Seed 7 () Seed 10
N =113

(m) Seed 2 (n) Seed 3 (0) Seed 7 (p) Seed 10

Figure 12. Fourier stability across seeds and moduli. We shaiv-aligned Fourier spectra of embedding matrices across representative
seeds for each modulus While the precise locations of dominant frequency peaks vary across random initializations, the overall
block-structured spectral organization remains consistent, indicating that the learned representation is stable under stochastic optimization.

F.2. Torus and CRT Structure of Embeddings

We then explore the 3D projection of principal components of the embedding matrix. We see that the embedding organizes
itself into clusters, grouped hy -class. We observe a torus structure in the high dimensional space the the model operates
in. Moreover, we see that across various random initializations and moduli, we consistently observe these toroidal patterns
in the projection.
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N =165
(a) Seed 2 (b) Seed 3 (c) Seed 7 (d) Seed 10
N =154
(e) Seed 2 (f) Seed 3 (g) Seed 7 (h) Seed 10
n=113;143
(i) Seed 2 (j) Seed 3 (k) Seed 7 () Seed 10

Figure 13. PCA geometry stability across seeds and moduli. Across all settings, embeddings consistently organize into structured
low-dimensional manifolds aligned with J -class structure.

F.3. Attention Routing Stability

We further examine representational stability by visualizing attention maps across multiple random seeds and moduli
n 2 f113;143; 154; 1659 For each setting, we analyze a single attention head and compute full attention matrices over
input pairs (a; b). For each input pair, we calculate and plot the attention score that the = token pays to the a token.

To expose algebraic structure, we reorder inputs according tothelass decomposition B, , as induced by the GCR
partitioning framework (Chughtai et al., 2023). This ordering reveals block structures corresponding to shared GCDs.

We observe that while individual attention values and patterns vary across seeds, the coarse block structure remains highly
stable. This suggests that the attention mechanism consistently learns to route information according to the underlying
J-classes, independent of initialization.
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n=113

(a) Seed 2

(b) Seed 3

(c) Seed 7

(d) Seed 10

Figure 14. Attention stability for Z;3 across seeds.
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n=143

(a) Seed 2

(b) Seed 3

(c) Seed 7

(d) Seed 10

Figure 15. Attention stability for 43 across seeds.
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n=154

(a) Seed 2

(b) Seed 3

(c) Seed 7

(d) Seed 10

Figure 16. Attention stability for 454 across seeds.
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n =165

(a) Seed 2

(b) Seed 3

(c) Seed 7

(d) Seed 10

Figure 17. Attention stability for Ze5 across seeds.
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